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Taking the ﬂat rotation curve as input and treating the matter content in the galactic halo region as
perfect ﬂuid we obtain a space–time metric at the galactic halo region in the framework of general
relativity. We ﬁnd that the resultant space–time metric is a non-relativistic dark matter induced space–
time embedded in a static Friedmann–Lemaître–Robertson–Walker universe i.e. the ﬂat rotation curve
not only leads to the existence of dark matter but also suggests about the background geometry of
the universe. Within its range of validity the ﬂat rotation curve and the demand that the dark matter
to be non-exotic together indicate for a (nearly) ﬂat universe as favored by the modern cosmological
observations. We obtain the expressions for energy density and pressure of dark matter there and
consequently the equation of state of dark matter. Various other aspects of the solutions are also
analyzed.
© 2010 Elsevier B.V. Open access under CC BY license.1. Introduction
It has been known for a long time that rotation curves of neu-
tral hydrogen clouds in the outer regions of galaxies cannot be
explained in terms of the luminous matter content of the galaxies,
at least within the context of Newtonian gravity or of general rel-
ativity (see [1] for a review). In addition, the velocity dispersion in
galaxy clusters indicates a much greater mass than would be in-
ferred from luminous matter contained in the individual galaxies.
The most widely accepted explanation, based on the standard grav-
itational theory, postulates that almost every galaxy hosts a large
amount of non-luminous matter, the so-called gravitational dark
matter, consisting of unknown particles not included in the par-
ticle standard model, forming a halo around the galaxy. The dark
matter provides the needed gravitational ﬁeld and the mass re-
quired to match the observed galactic ﬂat rotation curves in galaxy
clusters.
The dark matter problem arises because of a naïve Newtonian
analysis of the near constant tangential velocity of rotation up to
distances far beyond the luminous radius of the galaxies. This leads
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Open access under CC BY license.to the conclusion that the energy density decreases with the dis-
tance as r−2 and therefore that the mass of galaxies increases as
m(r) ∝ r.
There are several proposals for the dark matter component,
ranging from new exotic particles such as those predicted by su-
persymmetry [2] to other less exotic candidates such as massive
neutrinos or even ordinary celestial bodies such as Jupiter like
objects. Several other analytic halo models exist in the literature
including those sourced by scalar ﬁelds. Fay [3] considered mod-
elling by Brans–Dicke massless scalar ﬁeld while Matos, Guzmán
and Nuñez [4] considered massless minimally coupled scalar ﬁeld
with a potential. A boson star formed by a self interacting massive
scalar ﬁeld with quartic interaction potential as a model of galactic
halo was investigated by Colpi, Shapiro and Wasserman [5]. A sim-
ilar boson star as a model of galactic halo was ﬁrst investigated
by Lee and Koh [6]. A recent halo model is discussed also in the
braneworld theory [7]. Some authors [8] have considered global
monopoles as a candidate for galactic halo in the framework of
the scalar tensor theory of gravity.
Alternatively, explanation of the observed ﬂat rotation curve is
provided through modiﬁcation of Newtonian dynamics (in the re-
gion of very small accelerations) [9,10]. Another attempt to resolve
the dark matter problem lies within the framework of Weyl con-
formal gravity suggested by Mannheim and Kazanas [11], with the
distinction that it does not postulate ﬂat rotation curve as an input
but predict it. Such a prediction is possible also within the Chern–
Simmons gravity inspired by string theory [12,13].
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become known more precisely: CMB anisotropy data indicate that
about 85% of total matter in a galaxy is dark in nature. Big bang
nucleosynthesis and some other cosmological observations require
that the bulk of dark matter be non-baryonic, cold or warm, stable
or long-lived and not interacting with visible matter. However, de-
spite long and intensive investigations, little is as yet known about
the nature of dark matter.
The purpose of the present work is to show that, with the in-
put of ﬂat rotation curve and the assumption that dark matter
be described as a perfect ﬂuid, the general theory of relativity
not only accounts for the dark matter component of galactic clus-
ters but also suggests the spatial curvature of the universe. The
gravitational inﬂuence of an arbitrary dark matter component is
controlled by its stress tensor. In this context we note that, while
the existing approaches of explaining ﬂat rotation curves are use-
ful in their own right, many of the models end up with predicting
anisotropic dark matter ﬂuid stress tensor. On the other hand, no
physical mechanism is stated explaining why a spherical distribu-
tion should have such anisotropy. There is also no observational
evidence in support of it. Therefore, it seems more reasonable to
consider an isotropic perfect ﬂuid distribution for dark matter be-
cause predictions from such model at stellar and cosmic scales
have been observationally corroborated beyond any doubt.
We shall particularly study the general features of dark mat-
ter such as its equation of state. The mass distribution in galactic
haloes should provide a direct probe into the nature of particles
constituting the dark matter because the inner structure of the
halo is particularly sensitive to the dark matter properties [14]. In
this investigation, we shall work only from a ﬂuid perspective leav-
ing the question about the particle identity of dark matter open.
2. Gravitational ﬁeld in the dark matter region
Galactic rotational velocity proﬁles [15] of almost all the spi-
ral galaxies are characterized by a rapid increase from the galactic
center, reaching a nearly constant velocity from the nearby region
of the galaxy far out to the halo region. Our target is to exploit
this observed feature to obtain the space–time metric in the halo
region, and analyze it. As mentioned already, observational data
suggest that the dark matter component in the galaxy accounts for
almost 85% of its total mass. Naturally, luminous matter does not
contribute signiﬁcantly to the total energy density of the galaxy,
particularly in the halo region. Therefore, we shall treat the mat-
ter in the galactic halo region as a perfect ﬂuid deﬁned by stresses
T rr = T θθ = T φφ = p, where Tμν is the matter energy momentum ten-
sor.
The general static spherically symmetric space–time is repre-
sented by the following metric
ds2 = −eν(r) dt2 + eλ(r) dr2 + r2(dθ2 + sin2 θ dφ2), (1)
where the functions ν(r) and λ(r) are the metric potentials. Then
the Einstein ﬁeld equations become (c = 1):
e−λ
[
λ′
r
− 1
r2
]
+ 1
r2
= 8πGρ, (2)
e−λ
[
1
r2
+ ν
′
r
]
− 1
r2
= 8πGp, (3)
1
2
e−λ
[
1
2
(
ν ′
)2 + ν ′′ − 1
2
λ′ν ′ + 1
r
(
ν ′ − λ′)]= 8πGp. (4)
For a circular stable geodesic motion in the equatorial plane, the
consideration of ﬂat rotation curve gives the condition (see Ap-
pendix A)eν = B0rl, (5)
where l is given by l = 2(vφ)2 and B0 is an integration constant.
The observed rotational curve proﬁle in the region dominated by
dark matter is such that the rotational velocity vφ becomes ap-
proximately a constant with vφ ∼ 10−3 (300 km/s) for a typical
galaxy. Eqs. (3) and (4) then lead to the following equation
(
e−λ
)′ + ae−λ
r
= c
r
, (6)
where
a = −4(1+ l) − l
2
2+ l (7)
and
c = − 4
2+ l . (8)
An exact solution of Eq. (6) is given by
e−λ = c
a
+ D
ra
, (9)
where D is an integration constant. Several observations follow
from the metric (1):
(a) Note that the space–time metric given by Eq. (1) through
Eqs. (5) and (9) is an interior solution. This type of space–time def-
initely cannot be asymptotically ﬂat neither can it have the form of
a space–time due to a centrally symmetric black hole. What can be
said is that this line element describes the region where the tan-
gential velocity of the test particles is constant and that it has to
be joined with the exterior region with other types of space–time.
The extent of vφ = constant ends at some larger distance where
the region becomes asymptotically ﬂat. In principle, the constant
D should be obtained from the junction conditions but the galac-
tic boundary is not observationally deﬁned yet. It is more likely
that dark matter distribution will not remain the same near the
periphery of the halo.
(b) Inserting the above solution in Eqs. (2)–(4), one can readily
get the expressions for ρ , p as
ρ = 1
8πG
[
l(4− l)
4+ 4l − l2 r
−2 − D(6− l)(1+ l)
2+ l r
l(2−l)/(2+l)
]
, (10)
p = 1
8πG
[
l2
4+ 4l − l2 r
−2 + D(1+ l)rl(2−l)/(2+l)
]
. (11)
The most notable aspect is the presence of the last term in the
expressions of both energy density ρ and pressure p that increases
with radial distance (from galactic center). Note that according to
the Newtonian theory, which is supposed to be indistinguishable
from general relativity in very weak ﬁeld, one should expect only
the term ρNewton = 18πG lr2 in agreement with the Poisson equa-
tion, which integrates to give the Newtonian mass M(r) increasing
linearly with r. But the input of the constant tangential velocity
leads to general relativistic corrections to Newtonian expressions
as evident in Eqs. (10), (11). The ﬁrst term of the right-hand side
of Eq. (10) gives the expected Newtonian term in the leading or-
der and to the same order a general relativistic correction term
1
8πG
5l2
4r2
. Since l is small, the correction terms are small as ex-
pected.
However, the second term in Eq. (10) has completely differ-
ent nature than the conventional feature of dark matter energy
density; the corresponding mass increases nonlinearly with radial
distance r, though a bit slowly as l is very small. This contribu-
tion will vanish if D vanishes. We would see that even D = 0 is
consistent with the ﬂat rotation curve.
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(with a negative sign) of the universe. A comparison of the
obtained space–time metric in the limit l → 0 with the static
Friedmann–Lemaître–Robertson–Walker (FLRW) metric [ds2 =
−dt2 + 1
1−kr2 dr
2 + r2(dθ2 + sin2 θ dφ2)] leads to the identiﬁca-
tion that D = −k. Since our input was only the ﬂat rotation curve
and we have not considered anything regarding cosmological spa-
tial curvature while deriving the metric, the appearance of D in
the metric element is quite interesting. The solution thus may be
thought of dark matter induced space–time embedded in a static
FLRW metric. In general l = 0 and hence a is not equal to −2, and
the interpretation of spatial curvature does not seem at all evident.
An immediate question is how a spatially curved FLRW uni-
verse could be static. If it is due to balance of the curvature term
by some other ﬂuid with equation of state ρ = −3p, the question
of stability will arise. It seems that we have ended up with a static
universe because right from the beginning we looked for a static
solution (all the metric element are considered time independent).
While working on a local problem (ﬂat rotation curve), the uni-
verse is usually considered at any particular epoch ﬁxing the scale
factor R(t) to be constant (often normalized to unity, R(t0) = 1
at the present epoch). The dynamicity of the FLRW metric is thus
absent in local gravitational phenomena. However, we see in the
present work that the curvature effect has appeared even in local
gravitational phenomena. It would certainly be an interesting but
challenging task to study the stability criterion in this conﬁgura-
tion see footnote 1. We reserve it for a separate communication.
(d) The equation of state parameter ω for the effective ﬂuid
(dark matter plus “curvature ﬂuid”), can be obtained directly from
Eqs. (10) and (11), which is given by
p
ρ
= ω = l
2ra + D(1+ l)(4+ 4l − l2)
l(4− l)ra − [D(6− l)(1+ l)(4+ 4l − l2)/(2+ l)] . (12)
Since l is small, effectively ω  l2ra+4D4lra−12D . If the total matter in the
ﬂat rotation curve region of galaxies has to be non-exotic, i.e. if
the dark matter satisﬁes the known energy conditions, ω for the
total matter content must be positive. This is achieved only if we
set l2ra/4 < D < lra/3. Note that our discussion is restricted only
in the region of ﬂat rotation curve of galaxies for which r is typi-
cally between few ten kpc to few hundred kpc and as mentioned
already vφ is few hundred km/s. Hence positive ω implies that D
is nearly zero, if not exactly. Fig. 1 shows the variation of ω with
D for a typical distance r = 200 kpc and vφ = 300 km/s.
As may be seen from Fig. 1, the limit on D is much strin-
gent compared to the (cosmological) observational restriction. The
equation of state of the dark matter component may be obtained
by taking D = 0 in the above equation which gives
ω = l
(4− l)  2.5× 10
−7. (13)
Thus p 	 ρ for dark matter implying its non-relativistic nature,
which is a well-known fact. Further ω is positive, which means
that the ﬂuid is non-exotic. On the other hand, the equation of
state of ‘curvature ﬂuid’ is found to be ρ + 3p = 0 from Eq. (12) in
the limit l → 0, which is a familiar result.
(e) Note that we can rewrite eλ in the standard Schwarzschild
form
eλ =
[
1− 2m(r)
r
]−1
(14)
1 We sincerely thank the referee for raising this interesting possibility.Fig. 1. The variation of ω with D for a typical distance r = 200 in kpc.
which is often convenient. Such a form has the advantage that it
immediately reveals not only the mass parameter m(r) but also
shows that the proper radial length is larger than the Euclidean
length because r > 2m(r). But most importantly, this inequality is
essential for signature protection, which dictates that eλ > 1. This
is a crucial condition to be satisﬁed by any valid metric. Now, from
the metric function (9), for D = 0, we get
eλ = 1+ 4l − l
2
4
> 1. (15)
This implies that the essential requirement is fulﬁlled for this value
of D .
(f) Let us rewrite the metric (1) for D = 0 under the radial
rescaling
r =
√
c
a
r′, (16)
which yields
ds2 = −B ′0r′ ldt2 + dr′2 +
(
c
a
)
r′2
(
dθ2 + sin2 θ dφ2),
B ′0 = B0
(√
c
a
)l
(17)
showing a surplus angle in the surface area given by
S1 = 4πr2. c
a
= 4πr
2
1+ 2(vφ)2 − (vφ)4 . (18)
If the probe particles were photons, so that vφ = 1, the surface
area would remain ﬁnite but reduced to half of the spherical sur-
face area S2 = 4πr2. This is an interesting result, which distin-
guishes itself from that in the massless scalar ﬁeld model where
S → ∞ as vφ = 1 [4]. For a typical rotational velocity of vφ = 10−3
in the galactic halo region, the difference of the two surface areas
S2 − S1 = 4πr2
[
2(vφ)2 − (vφ)4
φ 2 φ 4
]
(19)1+ 2(v ) − (v )
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vφ ∼ 10−3 (300 km/s) for a typical galaxy.
Fig. 3. The variation of R with r in kpc for large different values of D . We choose
vφ ∼ 10−3 (300 km/s) for a typical galaxy.
grows as ∼ 10−6 in units of ﬂat surface area, which indicates an-
other deviation from the massless scalar model in which it grows
as ∼ 10−12 [4].
(g) The Ricci scalar for the derived space–time is given by
R = Da
2(4+ l) − (aD + cra)(l2 + 2l + 4) + 4ara
2ar2+a
. (20)
As l → 0, R = −6D , once again suggesting that D is the spatial
curvature. We plot R vs r. One may note that the value of R is
small. For small different values of D , one cannot distinguish the
variations of R with respect to r (see Fig. 2). But for higher values
of D , Fig. 3 shows a sharp variation of R . Note that large values of
D imply ω(r) < 0, i.e., dark matter has to be exotic in nature.3. Other aspects
3.1. The total gravitational energy
One notes from Eq. (12) that the halo matter is not exotic in
nature and consequently, we expect attractive gravity in the halo.
Following the suggestion given by Lyndell-Bell et al. [17], we cal-
culate the total gravitational energy EG between two ﬁxed radii,
say, r1 and r2:
EG = M − EM = 4π
r2∫
r1
[
1−
√
eλ(r)
]
ρr2 dr (21)
= 4π
r2∫
r1
[
1−
√
1
c
a + Dra
][
1
8πG
(
D(a − 1)
ra+2
+ (1−
c
a )
r2
)]
r2 dr,
(22)
where
M = 4π
r2∫
r1
ρr2 dr (23)
is the Newtonian mass given by
M = 4π
r2∫
r1
ρr2 dr = 1
G
[
(1− ca )r
2
− D
2ra−1
]r2
r1
. (24)
Thus we get the total gravitational energy as
EG = 1
G
[
(1− ca )r
2
− D
2ra−1
−
(
1− c
a
)
r F [(0.5, 1a ); (1+ 1a );−ar
aD
c ]√
c
a
]r2
r1
+ 1
G
[
D(1− a)r(−0.5a+1)
× F [(−0.5+
1
a ,0.5); (0.5+ 1a );− cr
a
aD ]√
Da(−0.5+ 1a )
]r2
r1
. (25)
Figs. 4 and 5 show that the total gravitational energy is small
but negative whether we choose D non-zero or zero for arbitrary
r2 > r1 > 0. Thus for the existence of non-exotic matter in the halo,
we recommend the value of D  10−11. In the distant halo region
we have taken, typically, r ∼ 200 kpc in the ﬁgures below.
3.2. Attraction
Now we study the geodesic equation given by
d2xα
dτ 2
+ Γ μγα dx
μ
dτ
dxγ
dτ
= 0 (26)
for a test particle that has been “placed’ at some radius r0. This
yields the radial equation
d2r
dτ 2
= −1
2
[
c
a
+ D
ra
]
×
[
Da
ra+1
(
c
a
+ D
ra
)−2( dr
dτ
)2
+ B0lrl−1
(
dt
dτ
)2]
r=r0
,
(27)
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ﬁxed at, say, r1 = 100 kpc while r2 is varied from 100 to 500 kpc. We choose G = 1,
D = 10−11 and vφ ∼ 10−3 (300 km/s) for a typical galaxy.
Fig. 5. The variation of EG with r in kpc. The lower limit of integration in Eq. (24)
ﬁxed at, say, r1 = 100 kpc while r2 is varied from 100 to 500 kpc. We choose G = 1,
D = 0 and vφ ∼ 10−3 (300 km/s) for a typical galaxy.
which is negative as the quantity in the square bracket is positive.
Thus particles are attracted towards the center. This result is in
agreement with the observations i.e., gravity on the galactic scale
is attractive (clustering, structure formation etc.).
3.3. Stability
Let us deﬁne the four velocity Uα = dxσdτ for a test particle
moving solely in the space of the halo (restricting ourselves to
θ = π/2), the equation gνσUνUσ = −m20 can be cast in a New-
tonian form(
dr
dτ
)2
= E2 + V (r) (28)
which gives
V (r) = −
[
E2
{
1− r
−l[ ca + Dra ]
B0
}
+
[
c
a
+ D
ra
](
1+ L
2
r2
)]
, (29)
E = U0
m0
, L = U3
m0
, (30)
where the constants E and L, respectively, are the conserved rel-
ativistic energy and angular momentum per unit rest mass of the
test particle. Circular orbits are deﬁned by r = R = constant so that
dR
dτ = 0 and, additionally, dVdr |r=R = 0. From these two conditions
follow the conserved parameters:
L = ±
√
l
2− l R (31)
and using it in V (R) = −E2, we get
E = ±
√
2B0
2− l R
l
2 . (32)
The orbits will be stable if d
2V
dr2
|r=R < 0 and unstable if d2Vdr2 |r=R > 0.
Putting the expressions for L and E in d
2V
dr2
|r=R , we obtain, after
straightforward calculations, the ﬁnal result, viz.,
d2V
dr2
∣∣∣∣
r=R
= −
[
2cl(1− 2l)
a(2− l)R2 +
D(16l + 8l2 − 4l3 + 2l4)
(2− l)(2+ l)2 R
l(2−l)
2+l
]
.
(33)
One may note that, for D = 0 as well as for D = 0, d2V
dr2
|r=R < 0. So
the circular orbits are always stable.
4. Conclusions
It is well known that observation of ﬂat rotation curve suggests
that a substantial amount of non-luminous dark matter is hidden
in the galactic halo. Here we have found that the ﬂat rotation curve
suggests also the background geometry of the universe. The space–
time geometry we have obtained can be interpreted as the one
due to dark matter embedded in the static FLRW universe. This
is probably the ﬁrst indication that the spatial curvature of the
universe can be obtained from a local gravitational phenomenon.
If we demand that matter in the ﬂat rotation curve region
be non-exotic (i.e., obey the usual energy conditions), we obtain
the result that the universe should be nearly ﬂat, if not exactly
so, which is consistent with modern cosmological observations.
However, one should note that the ﬂat rotation curves have been
observed only up to the outskirt of galactic halos, not out to cos-
mological scales. Hence the notion of ﬂat universe as favored by
the present analysis should be taken more as suggestive than con-
clusive.
The equation of state of the dark matter component has been
obtained by treating it as perfect ﬂuid and the expressions for
general relativistic correction terms for the pressure and energy
density over those obtained from the Newtonian theory are also
derived. The corrections are, however, small as expected.
The geodesic equation [Eq. (26)] of a test particle in the derived
space–time suggests that the particle will be attracted towards the
center. We have quantiﬁed the attractive effect in the relativistic
case by calculating the total gravitational energy EG (which is neg-
ative) in the halo region. We have also demonstrated the stability
of the circular orbits in our space–time solution. Thus our solution
F. Rahaman et al. / Physics Letters B 694 (2010) 10–15 15satisﬁes two crucial physical requirements – stability of circular or-
bits and attractive gravity in the halo region. Investigation on other
observational constraints on the model is underway.
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Appendix A
To derive tangential velocity of circular orbits, we start with the
line element
ds2 = −eν(r) dt2 + eλ(r) dr2 + r2(dθ2 + sin2 θ dφ2).
The Lagrangian for a test particle reads
2L = −eν(r)t˙2 + eλ(r)r˙2 + r2(θ˙2 + sin2 θφ˙2).
We guess the conserved quantities, the energy E = eν(r)t˙ , the
φ-momentum Lφ = r2 sin2 θφ˙, and the total angular momentum,
L2 = Lθ 2 + ( Lφsin θ )2, with Lθ = r2θ˙ . The radial motion equation can
be written as:
r˙2 + V (r) = 0
with the potential V (r) given y
V (r) = −e−ν(r)
(
e−λ(r)E2 − L
2
r2
− 1
)
.
For circular orbits, we have the conditions, r˙ = 0, Vr = 0 and
Vrr > 0 [16]. These imply the following expressions for the energy
and total momentum of the particles in circular orbits:
E2 = 2e
2ν(r)
2eν(r) − r(eν(r))r ,
L2 = r
3(eν(r))r
2eν(r) − r(eν(r))r .
The second derivative of the potential evaluated at the extrema
V (r)rr |extrema = 2
r(eν(r))rr
eν(r)
+ (eν(r))r
eν(r)
(
3− r(eν(r))r
eν(r)
)
reλ(r)
(
2− r(eν(r))r
eν(r)
) .Now, the tangential velocity
(
vφ
)2 = r2e−ν(r)(θ˙2 + sin2 θφ˙2)
can be obtained for particles in stable circular orbits as
(
vφ
)2 = r(eν(r))r
2eν(r)
.
Using the tangential velocity to be constant for several radii, the
above expression yields
eν = B0rl
where l is given by l = 2(vφ)2 and B0 is an integration constant.
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